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Example

R-separation of Helmholtz equation (A + k?)y) =0 (R.Prus, A.Sym)

Helmholtz equation (A + k?)y = 0 on R® with coordinates (u, v, w) such
that metric is given by (a, b, c = const.)

20 — 2 200 2
b*(w — acosh v) 5 b*(w — ccos u) a2 4 dw?.

ds® = 5
(acosh v — ccos u) (acosh v — ccos u)?
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Example

R-separation of Helmholtz equation (A + k?)y) =0 (R.Prus, A.Sym)

Helmholtz equation (A + k?)y = 0 on R® with coordinates (u, v, w) such
that metric is given by (a, b, c = const.)

20 — 2 200 2
b*(w — acosh v) 5 b*(w — ccos u) a2 4 dw?.

ds® = 5
(acosh v — ccos u) (acosh v — ccos u)?

R = (acosh v — w)™Y/?(w — ccos u) /2
and the following system
" 1 " 1 " 2
8014‘1@1:07 @2‘1@2:0, w3 + k“p3 = 0.
holds then function

Y = R(u, v, w)p1(u)pa(v)ps(w)

satifies Helmholtz equation.
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Orthogonal coordinates u = (uy, Uy, ..., u,) in n-dim.
space M"

The space M" admits orthogonal coordinates u = (u1, U, ..., up) in
which metric g has the following form

n
g = Ze;Hizduiz, € = £1.
i=1
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Orthogonal coordinates u = (uy, Uy, ..., u,) in n-dim.
space M"

The space M" admits orthogonal coordinates u = (u1, U, ..., up) in
which metric g has the following form

n
g = Ze;Hizduiz, € = £1.
i=1

@ n = 2: all metrics are conformally flat,
g = gjidx'dx/ = H2du? + H3du3 = Q(dx? + dy?)
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Orthogonal coordinates u = (uy, Uy, ..., u,) in n-dim.
space M"

The space M" admits orthogonal coordinates u = (u1, U, ..., up) in
which metric g has the following form

n
g = Ze;Hizduiz, € = £1.

@ n = 2: all metrics are conformally flat,
g = gjidx'dx/ = H2du? + H3du3 = Q(dx? + dy?)
@ n = 3: there always exist orthogonal coordinates (G. Darboux,
E. Cartan, D.M. Deturc & D. Yang)
g =g;dx'dx¥ = H2du? + H3du? + H2du3
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Orthogonal coordinates u = (uy, Uy, ..., u,) in n-dim.
space M"

The space M" admits orthogonal coordinates u = (u1, U, ..., up) in
which metric g has the following form

n
g = Ze;Hizduiz, € = £1.

@ n = 2: all metrics are conformally flat,
g = gjidx'dx/ = H2du? + H3du3 = Q(dx? + dy?)
@ n = 3: there always exist orthogonal coordinates (G. Darboux,
E. Cartan, D.M. Deturc & D. Yang)
g =g;dx'dx¥ = H2du? + H3du? + H2du3

@ n > 4: existence of orthogonal coordinates is an additional assumption
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R-separability of Schrodinger equation in n-dim. space

Definition
The Schrodinger equation

DAY+ (K= V) =0
where

: h

A=ht § a,-?a,-, h=HiH,...H,, € = +1
€jll;
i=1 0

is R-separable (or metric g = >_7_; ¢;H?du? is R-separable in the
Schrédinger eq.) if there exist 2n+ 1 functions R(u) and p;(u;), qi(u;)
such that the following implication holds

o + pivi+qipi=0 (i=1,2,...,n)
I
Y(u) = R(u)p1(ur)p2(w2) ... pn(un) solves (1).

v
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R-separability of Schrodinger equation in R”

The metric g = Y., ¢;H?du? is R-separable in the Schradinger equation
Ay + (K= V) =0

if and only if the following two conditions are satisfied
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R-separability of Schrodinger equation in R”

The metric g = Y., ¢;H?du? is R-separable in the Schradinger equation
Ay + (K= V) =0
if and only if the following two conditions are satisfied
1)
o h o
0;0; log RW =0, i #J

i
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The following class of metrics satisfies the first condition of R-separability:

_ 1 (= w) (= ws) (i —ua)” o (i — )7 (up — u3)" (U — ua)” | o
&€= R2 [ Fl(ul) dUI + F2(U2) dU2
(Ul - U3)7(U2 - U3)7(U3 - U4)7 2 (U1 - U4)7(U2 - U4)7(U3 - U4)AY 2
’ Faus) dus + Falu) o

where v = const.
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where v = const.

Are there any conformally flat metrics in this class?

AS (IFT UW) Spata, 30 June 2014 6 / 18



The following class of metrics satisfies the first condition of R-separability:

g 1 [(u1 — )" (ur — u3)"(ur — us)” di? + (1 — )" (w2 — uz)" (2 — ua)? i

TR Fi(u) Fa(u2)
(Ul - U3)7(U2 - U3)7(U3 - U4)7 2 (U1 - U4)7(U2 - U4)7(U3 - U4)AY 2
+ A dus + Fa(ua) dus

where v = const.
Are there any conformally flat metrics in this class?
The Weyl tensor of the metric is given by

Wi =0, W iy =0, W7 #0.
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Binary metrics

Conformally flat binary metrics

The necessary condition for binary metrics to be conformally flat is given
by
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Binary metrics

Conformally flat binary metrics

The necessary condition for binary metrics to be conformally flat is given
by

From the above equation we can prove the following

Fact. If the binary metric g is conformally flat then

v e {-2,-1,0,1}.
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Binary metrics

Conformally flat binary metrics

Conformally flat binary metrics:

(] "}/ ey —2 A \
du?
g ’ , Fi =0,
Y Al %"
@ V= -1
4
du?
g = —5
:z—; Hj;é:(“ Uj) D k=0 kU
@ V= 1

g = 24: Hﬁél( uj)du'z.

Zk oak“ I
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Binary metrics and Einstein equations

The following class of metrics satisfies the first condition of R-separability:

(1 — w2)" (2 — u3)” (u2 — ug)”

(ur — )" (u1 — uz)’(ur — us)” | 2 2
g F1(u1) t + F2(U2) =
(U1 - U3)V(U2 - U3)V(U3 - U4)ﬂ/ 2 (U1 - U4)7(U2 - U4)7(U3 - Ua)ﬂY 2
d d.
" Falus) v+ Fulus) b

where v = const.

Are there any Einstein metrics conformal to the binary metrics?
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Binary metrics and Einstein equations

The following class of metrics satisfies the first condition of R-separability:

_ (u1 — w)"(u1 — 1) (U1 — wa)” 2 (u1 — )" (w2 — u3)" (U2 — ug)”

o Fl(ul) d ! + F2(U2)

(i —ws)"(u2 —us)"(us — wa)” 5 (1 — ua)”(v2 — wa)"(us — ua)”
Falus) i+ Falus)

g duj

—+ dU‘% )
where v = const.

Are there any Einstein metrics conformal to the binary metrics?

s there a function Q such that metric § = e*?g satisfies Einstein
equations with cosmological constant?
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n-dimensional case, n > 3

Metric conformal to Einstein

Bach and Cotton tensor are given by
1
Bj = V*V' Wi + ERH Wikt

1 /
A = ——3VIW! e
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n-dimensional case, n > 3

Metric conformal to Einstein

Bach and Cotton tensor are given by
1
Bj = V*V' Wi + ERM Wik,

1 /
Ajie = —3VIW' .

Theorem (e.g. R. Gover & P. Nurowski)
If g is conformal to Einstein (i.e. metric § = g is a solution of Einstein
equations with cosmological constant) then Cotton tensor Cjj and Bach
tensor Bj; satisfy the following conditions
Ak + Q' W = 0,
B,'j =+ (n — 4)QkQI Wkijl =0

for some gradient ; = V;Q.

v
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4-dimensional case

Metric conformal to Einstein

In dimension n = 4 the necessary condition for metric g to be conformal to
Einstein is vanishing of Bach tensor,

B; = 0.
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Binary metric

Bach tensor
The following combination of off-diagonal components of the Bach tensor
c12B12 + c13B13 + €14 B4 + 23823 + c24Bog + c34B34 = 0,
where
ci = (—1)™ (uj — u)*(uk — wy), k<I, k,l#i,j

is equivalent to
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Binary metric

Bach tensor

The following combination of off-diagonal components of the Bach tensor

c12B12 + c13B13 + c14B14 + ¢23B23 + €24Bo4 + c34B34 = 0,

where

Cij = (_1)i+j(ui - uj)3(uk - Ul)a k < Ia k?’ 7& Iv./
is equivalent to

4

Yy =12y +3)) ( U Uk)””) Fi(u;) = 0.
i=1  j<k
Jokti
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Binary metric

Bach tensor

The following combination of off-diagonal components of the Bach tensor

c12B12 + c13B13 + €14 B4 + 23823 + c24Bog + c34B34 = 0,
where
cj = (—1)i+j(u; — uJ-)3(uk — ), k<l kjl#1i,j
is equivalent to

4

Y= 1)y +3) > ( T] (= w)™*?) Filw) = 0.
i=1  j<k
Jokti
Additional case 3
7= —5 .
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Binary metrics and Einstein equations

The following metric

_ (i — )" (ur —us) (i —wa)” 5 (1 —w2)" (2 — u3) (U2 — ua)” o
&= aiu1 + b dui + axu + by du
(Ul - Uz)ﬂ’(uz - Uz)ﬂ’(uz - U4)ﬂ/ 2 (U1 - U4)W(U2 - U4)W(U3 - U4)AY 2
+ aszus + b3 dus + asUs + ba dui
where v = —% and
a = Ba1 — AOQ, bl = Bﬁl - Aﬁ2
a, = —Ba; — Aay, by = —Bp1 — AB>
az = Aay + Bao, bs = AB1 + AB2
a; = Aoy — Ba, by = AB1 — ABo,

(A, B, a1, a2, b1, B2 € R) has vanishing Bach tensor Bjj = 0.
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Conformal factor, g = emg

The conformal factor 2 satisfies the following system

01Q = —01(log X) + %81 log [u14uf3] + %;81 log E—E
50 = ...,
BRQA=...,
042 =....

where
12 13
uj = uj — uj, X =W, Y = W™ 3.
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Conformal factor, g = emg

Weyl tesor W7

e 2
X =W2 1, = L | (unpursune) (’Y(U23 ) — <U12u13 4 Urauia U13U14>> F
12 uis uis ui2

e uiau ujou 2uz3u
+ (ur2usuzg) 77! (—’Y(U13+U14)—< 27y Tl o 24)) F

u24 u23 ui2
1 U13U34 U23U3zs  2U13U23
+ (u3uzsuze) 77 —y(u1s + u2e) — - Fat
uz3 uis (VEY
—y—1 U14U34 | U2qU34  2U14U24
+ (urauquzs) ™" ~(u13 + u23) — + - F.
Uuz4 Uis usa

1 o e
- 5(U13U24+U23U14) ((U12U13U14) T — (urpuasua) TR

+ (U13U23U34)7771F3, - (U14U24U34)7wf1FA:) ] )

where

uj = Ui = U, Y= =

3
=2
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Conformal factor, g = emg

Weyl tesor W7

—y— 2
Y =W, = e (u12u13uns) 1 <—’Y(U23 — us4) — <U12U13 _ pU12ls + u13u14)> F
12 uis ui3 ui2

Y urou uioU U3l
+ (urouzsuzg) 77! (’Y(U14+U34)— (—2 e 24)) F

SpY3 uz3 ui2
—~y—1 U3uss | Ursuzs  2u23usq
+ (uizupsuzs) ™ ~v(ui2 + uis) — + - F+
uz3 Uss ui3
-1 U14U14  U14U34 | U24U34
+ (urauzauss)” " y(u12 — u2s) — - + Fa
uszs uz4 Uis

1 Y e
— §(U12U34 - U14U23) ((U12U13U14) v 1F1/ - (U12U23U24) 7 lFZI
+ (U13U23U34)7771F3/ - (U14U24U34)7wf1FA:) ] )

where
uj = uj — uj, ¥=-

3
=2
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Conformal factor, g = emg

Using the fact that function % depends only on cross-ratio

up — ug)(u2 — u3)
uy — U3)(U2 — U4)’

oo |
(

the system for Q can be integrated.

AS (IFT UW) Spata, 30 June 2014 17 / 18



Conformal factor, g = eQQg

Using the fact that function % depends only on cross-ratio

u — U4)(U2 - U3)
up — uz)(u2 — ug)’

s = (
(
the system for £ can be integrated. The solution is
_ —3/4 —3/2 —3/2 ~/2 _
e ¥ = (X-Y) U13/ “14/ ”23/ L&{ f(s)™",

where

f(s):A<2—j§> (1+\/§)3/2+B<2+\3E> (1-s)*2.
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The end
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