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Some History on Hamiltonian (General Relativity'



Dirac 1958-1959
1978 Nelson/Teitelboim: Dirac field
2009 Barausse/Racine/Buonanno: spinning test particles in “Kerr”

Arnowitt /Deser /Misner 1959-1960

1961 Kimura: 1PN

1974 Ohta/Okamura/Kimura/Hiida: 2PN (in part)
1985 Damour/GS: 2PN; GS: 2.5PN

1997 Jaranowski/GS: 3.5PN

2001 Damour/Jaranowski/GS: 3PN

2009 Steinhoft/GS: self-gravitating spinning particles
2014 Damour/Jaranowski/GS: 4PN

Schwinger 1963
1963 Kibble: Dirac field

Refinements
DeWitt 1967; Regge/Teitelboim 1974



Spin in Minkowski Space'
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canonical variables '

total angular momentum: J = XxP+S

Lorentz boost: K = —tP + HX — H}rmg x P

Hamiltonian: H = v/m?2 + P2

center-of-energy: X =X — (H+1m)H SxP

K= —-tP+ HX



Poincaré algebra I
{P,,H}={J;,H} =0

{Ji, P} = €iji P, {Ji,Jj} = ¢€iji Ji
{Ji, G} = €ijr Gk

(G, H} =P

{Givpj} — C%Hé/i’j

{Gi, G} = — % eiji i

Lorentz boost: K = —tP + G
dK/dt =0K/ot+{K, H} = -P+{G,H} =0



fast & heavy

AN\

various centers: X (x*), X(—), X(+)

slow & light

Steinhoff: Canonical Formulation of Spin in General Relativity,

Ann. Phys. (Berlin) 523, 296 (2011) [arXiv:1106.4203]
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center-of-spin: X; {X*, X7} = 0 (Newton-Wigner coordinates)
SxP

— A

center-of-energy: X = X — m

center-of-inertia: X = X + (H+ T SxP

center-of-inertia: S**P, =0
center-of-energy: S*'n, =0, n, = (—1,0,0,0)

center-of-spin: mS*n, + S P, = (

minimal radius of particle with spin: nfc
Compton wavelength: 2h/ -
radius of Kerr ring singularity (Boyer-Lindquist coordn.): n‘i

Schwarzschild radius (Schwarzschild coordn.): 257
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quantum massless particle'

helicity: A\h = P-S

H
_ A 1 -
_ P
J=XXxP+ \h—
X —+ 7
_ 0 1
X x X = i\ — —
AT 5P P
_ _ A
AX]{AXZE‘—;FLQ‘<Pm/H3>‘, k#l#m

(AX)2 > MR < H 2 >
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many particle systems with interaction'

(X1, X7} ={P',Pi} =0, {X',P}=4
(M, X7} ={M,P} ={M,H} =0
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free particles with spin:

H=> he,  he=+/m2+p?

1
G:Z(hara—h — Sqa X Pa)

Schwinger: Particles, Sources and Fields I, 1998

14



Spin and Gravitation'
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tetrad field ef: et'ep,, = ngp, eauebynab = Guv = Gvu

local LT: e/* = L e, LnapLPy = ned

linear connection wzb: D,p=0,0+ %wsz [ab]®

inf. local LT: ¢ = 5§abG[ab](b

curvature tensor RabW: D,D,¢ —D,D,¢p = R“bWG[ab]fb

ab L ab ab ac, .bd ac, .bd
R™,, = 0uw,” — 0w, + w, Wi Ned — W, "W, Ned
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Lagrangian for gravity.

1 v pab
£G 16—7Tdet( ) fjebR MV(w)—I—f%C“

vacuum Einstein equations:

&CG 1
0
0= 555) = wzb = wzb(e, dye) no torsion !
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Lagrangian for spinning objects I

dz¢ 1 df®
,CM /dT [( — —Sabw’uab> ? _Sab dr ](5(4)

- A
Lo = /dT [)‘Cllpbsab + AQ[i]A[z]apa - ?3(]92 + m2)] 6(4)

do** = ASdACY = —dp®

18



VT

equations of motion'

DS,
DT

=0

Dp/JJ . _lR(4> upSab

Dr — 2 meab
dzM
’LLME;—T:)\gp'u

/dT [Agpupyé(4) + (u(“S”)a5(4)) || ]
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Self-Gravitating Spinning Objects: Canonical'

Steinhoff/GS: Europhys. Lett. 87:50004 (2009)
Steinhoff: Ann. Phys. (Berlin) 523, 296 (2011)
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3+1 splitting of spacetime n* = (1,—N")/N

n, = (=N, 0,0,0)

Kij = —NT3; = =Ng*"(gip,j + Gjui — Gijpu)/2

ds® = —(Nedt)? + g (dx + N'edt)(dz? + N7 cdt)
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1 i Iy 1 ~ A0V ( i
W = 16—7'(' /d4x7rc*;ngij,0 -+ /dt [PZZ -+ 55(2)(3)9( )(‘7) — H

C4

H = /d?’a;(NH — N"H;) + "% ]{O d*s;(9ij.; — 9j5.)

Nl =14+ 0(1/r), N'|o =0O(1/r)

If the constraints H = /y(1T"" — %G“”)nﬂny = 0 and
H = (T) — %Gf )n,, = 0 are fulfilled and adapted coordinate

conditions are applied, then

(34 i A
e ]@{O d*s;(gij.; — 955,i) = Hapm[mila hi; 5 Pi, 2', Sy )]

H =

= Tor :

1 .. .. 1 ~ XN
W / d*z T+ / dt [Pié" + 55@)@9(@)(3) — Hapwm
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solution of the matter constraints'

nH:(l,—Ni)/N, n, = (—N,0,0,0)

Az mp =nfip, = _\/m2 + 7 pip; 7 gk =9
PeY™ Sji -
Ao onS; =ntS, = = g;;nS’
np

Ny o AW Z AWGOPE - pjola P
pl®” m

23



time gauge for the tetrads I

, 1 Z. N’

H _

Coy="" =7 0=

(m)

9ij = € €E(m)j

»CMC _ _NHmatter i Nngnatter

Hmatter — _np5 KZ] pzns 5 (nSké),k
np

: 1 S
H,]Lgnatter — (pz’ —I—KURS])(S—F (2 mk:S 5_|_5(k: l)mplz;; l5)
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transformation to canonical matter Variables'

) k A
i : no’ ) ’TLS@ — _ka iji
m — np m

: nS;  pinS;
Sy =Sy — 2 4 Pl

m —np m — np

e ()
A6 — 30k (% L _Pwp )

m(m — np)
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Py =pit Kign§? + Aegyer’) (%Skj T p(knsj)>r’“i
) np (2

. 1 - g
gz'kglekl = =5;; + MPN))
2 np(m — np)

ab Q Q J G
§%Sab = Sty () Siy(i) = 25)S() = 28° = const

doD) = igdx[k]m _ 0@
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adding Lagrangian of gravity'

~ .. 1 - XNy
Ly = P;2'0 + §S(i)(j)9(z)(‘7)5

Lo = Aeqe)d

; L () !
Lok +La = 8_7T[7T 7+ 81 A ‘7(5]6(;6)1-63-,0 + Lao — 16—7'('5@’1

Ei = Gij.j — Yij.i

total energy: I = ﬁ $d?s; & = ﬁ [ &z & ;
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spatially symmetric time gauge for the tetrads I

(k) _ pkl 1
e(k)iej,,u — Bij 9kl,u + igij,,u

€i)j = Cij = Eji

€ij€jk = ik €ij = (gkl)
T de l Oe k
1] m m

— €Eml
0g; j 0g; j

7 =7 4 8r Al § + 167 B; Akl s

can
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spacetime-coordinates conditions I

39ij.5 — 9jj.i = 0, Tonn =0

4 TT i ~ TT
gi; =V 5ij+hij7 = FY 4 Y

can can can

“TT _ 3, TT _ Tl _

transverse traceless: can ijj — Tecan,j

TT _
h,m =m

R =Vi VI

can can,] camn, )

R _5@JVan k

constraints: Hﬁeld i H{matter O7 Hzﬁeld 1+ H%rnatter — 0
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total action in canonical form'

1 4 g 2 La YOI
W= m—ﬂ/d wWCZETh%JF/dt[PiZ + 55w —E]

Hamiltonian: £ = Hapy = —— /dSSC A\P[Z Pz,S(z)(g),h ZJTT]

1] Mcan

{2', P} = by, {S(i)» Sty } = €inSw)

can

TT RITT _ TTkl
{hi; (x,t),m (x',t)} = 16md;; "o (x — x')
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Spin-Gravity Hamiltonians (changed notations!) I

leading order spin-orbit

HSS =3 ZZ (Sa X ngp) [;pra_Qpb]

a,b;éaa'

leading order Spin(l)—spin(Q)

8182 02 Z Z 27“ a nab)(sb ) nab) — (Sa ' Sb)]

a b#a
leading order spin(1)-spin(1)

GmQC 1
HLO — Q . S, . (S, -S
= 2 2m, [3(81 - m12)(S1 - m12) — (81 - Sy)]
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G

cir?

bmopi  3(p1 - P2)
_ S,) -
((p1 X S1) Hm)! S + 2

+ +

3p3 3(p1 -ni2)(p2 -ni2)  3(p2 - nyo)?
dmimeo 4m? 2mima

_|_

(p1-PpP2)  3(P1-1mi2)(p2 - ni2)
mi1mo mimeo

((p2 X S1) - m12) [

(1 % 81} pa) [2(17:31;1212) B 3(1);;@2112)] ]
% — ((p1 X S1) - n12) [11?2 5?:1%]
(D2 % S1) - 1po) [6m1 + 15;”2] +(1-2)
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_|_

+ 4+ + + + + +

Hé\?s(j (G/2mimactr®)[3((p1 x S1) - n12)((p2 X S2) - ny2)/2
6((p2 X S1) - m12)((P1 X S2) - ni2)

15(S1 - n12)(S2 - n12)(P1 - n12)(P2 - N12)
3(S1 - n12)(S2 - n12)(p1 - P2) + 3(S1 - P2
3(S2 - p1)(S1 - ni12)(p2 - n12) + 3(S1 - p1

w wm
[\ [\
5 }3
— —
[\ [\

(S1
(
(S1-S )( H12)2 (S1-m12)(S2 - p1
(
(
(
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HNLO
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black holes: Cg; =1,

neutron stars: Cg; > 1
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1

matter _ matter
H — m151 + HS%,pM:O -+ %pl . (Sl X 81)51 + (1 — 2)
1
H?aatter =  p1i01 + 5 (Sl X 81)Z 01 + (1 — 2)
1 .. . 1 -
matter _ = ki g N tj mn _ kl '
Hes im0 = [(27 Y Qm&)kl T g 0 S unS1kd1)
1 ) ql .mi _nk
+ —SmlgmnWWVQV P91 S91k101
C 1 o
Q1ij = —el (’Yklsuksul — Zgiv"y Slkmslln)
mq 3
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SO
NLO: Tagoshi/Ohashi/Owen(’01), Faye/Blanchet /Buonanno(’06),
Damour/Jaranowski/GS(’08), Steinhoff/Hergt/GS(’08), Levi(’10), Porto(’10)

NNLO: Hartung/Steinhoff(’11), Marsat/Bohé/Faye/Blanchet(’13)
DLO: Wang/Will(’07), Steinhoff/Wang(’10)

S1S2
NLO: Steinhoff/Hergt/GS(’08), Porto/Rothstein(’06,’08,’10), Levi(’10)

NNLO: Hartung/Steinhoff(’11), Levi(’12)
DLO: Zeng/Will(’07), Wang/Steinhoff/Zeng/GS(’11)

S1S1
NLO|[black holes]: Steinhoff/Hergt/GS(’08), Porto/Rothstein(’08,’10)

NLO[neutron stars]: Porto/Rothstein(’08,’10), Steinhoff /Hergt/GS(’10)
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NLO center-of-mass:

2
GNLO . Z Pa (Pa % Sa)

8m3
x, + Xy
(P S a 5(P, xS

Sa
Gsigr = ZZ{ Sa - Nap)(Sp - Nap) — (Sa Sb)] +(Sp- nab)r
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Summary of known Hamiltonians.

Heow = Hy+ Hipy+ Hopn + Hspy + Hypn
+ Hgo + Hgg, + Hg + Hgs
+ HNLO _|_HSNLSO _|_HNLO _|_HNLO

NNLO NNLO
+ Hg + Hg s,

Hyiss(t) = Haspn(t) + Hsspn(t)

+ HG5O )+ HS'E ()
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Applications I
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Leading-order spin-orbit coupling:

Hgo = 2R3 (S-L)+ 3(51\24}%];42 (b- L)

S=S;+8S,, b:ASjQ+M2, L=RxP, P=P,=-P,

Leading-order spin-spin coupling:

Hsg = 55 (3(8'%{)2(8'R) —(5-9))
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Lense-Thirring effect:

GM p?
R R

Runge-Lenz-Laplace vector: A=P x L —

< (C(lj_];)SO >p= QSO X L

< (%)SO >4 = QSQ X A

Qso = 2§ < 25 > (Sesr — 3(L'SL—3H)L), Setr =S + 2MiMob

LAGEOS(1&2): 31 mas/yr (1 x 10—, Ciufolini 2007)
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Schiff effect (Lense-Thirring for spin, frame dragging):

(951)58 = Qgq x Sy, Qgs = Sz (3R _g,)

GP-B: 39 mas/yr (2 x 10~!, Everitt et al. 2011)

de Sitter effect (Fokker effect, geodetic precession):

(%)SO: %stla SO:C2R3(1‘|‘3M2)L

My Mo
L= jhMeRg v

Earth-Moon: 19 mas/yr (2 x 1072, Shapiro et al. 1988)

GP-B: 6,606 mas/yr (3 x 1073, Everitt et al. 2011)

The Binary Pulsar PSR B1913+4-16 (Hulse-Taylor Pulsar)

The Double Pulsar PSR J0737-3039B
Kramer: Relativistic Spin-Precession in Binary Pulsars [arXiv:1008.5032]
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Some History on Spin in General Relativity'
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Quantum Spin (Electron)

1928 - 1929: Tetrode, Weyl, Fock

1932 - 1933: Schrodinger, Infeld/van der Waerden
1950: Weyl

1962 - 1963: Dirac, Kibble

1978: Nelson/Teitelboim

Classical Spin

1937: Mathisson

1951 - 1959: Papapetrou, Pirani, Tulczyjew

1964 - 1975: Taub, Dixon, Bailey/Israel

1975 - 1995: Barker/O’Connell, D’Eath, Thorne/Hartle, Kidder

2001 - 2011: as of above plus Barausse/Racine/Buonanno
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